A non-linear analysis of a delaminated curved sandwich panel with a compliant core, and a delamination (debond) at one of the face-core interfaces, and subjected to a thermal field and a mechanical loading or combined is presented. The mathematical formulation outlines the governing equations along with the stress and displacements fields for the cases where the core properties are either temperature independent (TI) or temperature dependent (TD). A variational formulation is used following the principles of the high-order sandwich panel theory (HSAPT) to derive the field equations along with the appropriate continuity conditions. The non-linear analysis includes geometrical non-linearities in the face sheets caused by rotation of the face cross sections, and high-order effects that are the result of the radially (transversely) flexible (or compliant) core. The core stress and displacements fields with temperaturedependent (TD) mechanical properties are determined in closed form using an equivalent polynomial description of the varying properties. The numerical study describes the non-linear response of delaminated curved sandwich panels subjected to mechanical concentrated loads, thermally induced deformations and simultaneous thermal and mechanical loads. In the combined loading case the mechanical loads are below the limit point load level of the mechanical response, and the imposed temperature field is varied. The results are displayed in terms of plots of various structural quantities along the sandwich panel length (circumference), equilibrium curves and strain energy release rate curves. It is shown that the combined thermo-mechanical response shifts the linear or non-linear responses,observed for the separate cases of either temperature induced deformations or mechanical loading, into a strongly non-linear response with limit point behaviour and large stresses in vicinity of supports, loads and tips of delaminated zone.
Introduction
Lightweight curved sandwich structures are being used increasingly in the aerospace, naval and transportations industries due to their excellent stiffness-to-weight and strength-to-weight ratios. Such sandwich structures may contain different types of defects, that can be induced either in the manufacturing process or inflicted during service life due to e.g. impact or fatigue damages. The most detrimental form of defects appears in the form of debonds (delamination) at one of the face-core interfaces, or at both facecore interfaces in more extreme cases. Typical modern sandwich panels are often composed of a low stiffness/strength core material made of polymeric foam or a nomex honeycomb that is flexible in the thickness direction, and laminated composite or metallic face sheets. The core usually provides the shear resistance/stiffness to the sandwich structure, as well as a transverse (through-thickness) support to the face sheets that is associated with core radial normal stresses. The face sheets resist the bending moments and the in-plane loads (in the form of a couple) through their composite action. It should be noted that an imperfection in the form of a debond jeopardizes the composite action of the layered sandwich panel, and thereby cause the face sheets to behave as isolated panels without any mechanical interaction within the debonded region. Traditionally, the design process of sandwich structures examines the responses due to the thermal loading, i.e. the deformations induced by thermal sources and the mechanical loads separately. However, the interaction between the mechanical and thermal loads may lead to an unsafe response with loss of stability and structural integrity, especially when the deformations are large and the mechanical properties (e.g. stiffness and strength) degrade as the temperature level is raised. The thermal degradation of mechanical properties is especially pronounced for polymer foam core materials, where significant degradation of the mechanical properties can occur well within the operational temperature range. For example, PVC foams (Divinycell Ò and Airex Ò ) lose all stiffness and strength at about 80-100°C, while PMI foams (Polymethacrylimide, e.g. Rohacell at about 200°C. Moreover, significant degradation of the properties of the foam occurs at much lower temperatures than the temperatures where a complete loss of stiffness and strength is experienced. Hence, it is clear that a reliable non-linear high-order computational model for curved sandwich panels, that takes into account the localized and the overall responses due to debond imperfections, as well as the interaction between the thermal and mechanical loadings, is required to gain a further understanding of the complex mechanisms and interactions involved. The proposition and development of such a model, based on the nonlinear high-order sandwich panel theory (HSAPT) approach, is the overall objective of this paper.
The main categorization adopted for the different approaches for the analysis of fully bonded sandwich panels includes sandwich structures with transversely incompressible core material (e.g. the textbooks and extended reviews by Plantema (1966) , Allen (1969) , Zenkert (1995) , Vinson (1999) , Noor et al. (1996) and Librescu and Hause (2000) ), and transversely compressible core material following the HSAPT models ) and similar ones. Fully bonded curved sandwich panels and shells with a transversely (radial) incompressible core have been considered by a few researchers, e.g. Librescu et al. (1994 for buckling and post buckling problems of sandwich shells subjected to thermal induced deformations, Vaswani et al. (1988) for vibration problems, Di Sciuva and Carrera (1990) and Rao and Meyer-Piening (1990) for buckling of sandwich shells. In addition, Hildebrand (1991) , Smidt (1995) , Tolf (1983) and Kant and Kommineni (1992) used FE models adopting the Reissner-Mindlin hypothesis, and Kuhhorn and Schoop (1992) adopted displacements distributions (third and second order polynomial) derived for flat sandwich panels, for the analysis of sandwich shells. The effects of the radial (transverse) flexibility of the core on the local and overall behaviour of the curved sandwich panels have been implemented through the use of the high-order sandwich panel theory (HSAPT) for curved panels assuming geometrical linearity, see Frostig (1999) and others. Geometrically non-linear effects were treated by Bozhevolnaya and Frostig (1997) and Bozhevolnaya (1998) for shallow sandwich panels, and Karyadi (1998) for cylindrical shells. In addition, Bozhevolnaya and Frostig (2001) treated the free vibration of curved panels, Thomsen and Vinson (2001) presented a design study on all composite sandwich aircraft fuselage structures, and Thomsen (2004, 2006) treated localized effects in the linear and non-linear response of straight and curved sandwich panels.
As indicated previously, the response of sandwich panel with an interfacial debond between face sheets and the core, at some specific region(s) along the panel circumference, denoted as a delamination or a disband or a debond, is of significant importance when assessing the safety of sandwich structures. The topic has been addressed for flat panels by analytical and experimental approaches such as: Somers et al. (1991) and Hwu and Hu (1992) investigated the effects of a predetermined delamination using the approach by Simitses et al. (1985) , Zenkert (1991) has addressed the case of interface debonding in sandwich beams experimentally; Lin et al. (1996) proposed a simplified two-dimensional continuum model for a delaminated face sheet of a sandwich plate; Avery et al. (1998) presented an extensive experimental study of the buckling of delaminated sandwich panels, Kardomateas (1998) and Avile's and Carlsson (2005) considered buckling of a delaminated sandwich panel adopting an elastic foundation approach; Sridharan and Li (2006) used a cohesive layer approach to describe a debobded sandwich column and Avile 's and Carlsson (2008) have determined failure characteristic of a debonded sandwich beam using a sandwich DCB specimen.
The topic of interface debonding in flat sandwich panels with a compliant core, and adopting the HSAPT approach, was addressed by Frostig (1992) and Frostig and Thomsen (2005) for the linear and non-linear response of flat delaminated panels, Frostig and Sokolinsky (2000) considered buckling of flat delaminated panels using a spring description to model a non-rigid bonding layer, delamination and slip layer, and Rabinovitch and Frostig (2002) considered the bending of delmaninated circular sandwich panels. The analysis of curved debonded sandwich panels based on HSAPT approach appear in Frostig et al. (2004) assuming a linear response.
The thermal and the thermo-mechanical non-linear response of a flat sandwich panel with a compliant core has been considered by Frostig and Thomsen (2008) , along with the effect of the thermal degradation of the mechanical properties of the core, see Frostig and Thomsen (2007) . A modified HSAPT approach has been used to analyse the non-linear thermo-mechanical response of curved sandwich panels, see Frostig and Thomsen (2009) . This series of papers reveals that the radial (transverse) flexibility of the core plays a major role in the non-linear thermo-mechanical response of flat or curved sandwich panels. Thermal effects in curved sandwich panels have been considered by a few researchers assuming an incompressible core or other simplified computational models, see list of references in Frostig and Thomsen (2009) .
In this paper, the mathematical formulation is based on the adoption of the high-order sandwich panel theory (HSAPT) approach to model the non-linear response of a curved sandwich panel with a finite length through-the-width debond (crack) located at one of the face sheet-core interfaces. The curved sandwich panel is subjected to mechanical, thermal and thermo-mechanical loading schemes. The complete sandwich structure is assumed to consist of fully bonded and debonded regions that are interconnected through compatibility and continuity conditions. The two curved face sheets are assumed to possess both membrane and flexural rigidities, and are modelled according to the Euler-Bernoulli hypothesis using non-linear kinematic relations that corresponds to large displacements with moderate rotations. The curved face sheets are interconnected through the enforcement of compatibility and equilibrium with a 2D compressible or extensible (i.e. compliant) elastic core. It is further assumed that the core material possesses shear and radial (through-thickness) normal stiffnesses only, while the circumferential (in-plane) stiffness is assumed to be negligible, see Frostig and Thomsen (2005) and Schwarts-Givli et al. (2007) . Thus, the circumferential normal stresses within the core are neglected which allow the core to undergo large rigid body displacements with kinematic relations of small deformations. Shear and radial normal stresses exist within the core of a fully bonded interface region, while the core within the debonded region is free of shear stresses and radial normal stresses except for areas where contact exists between the faces and the core. In such areas the core can accommodate only compressive radial normal stresses. The loads are applied at the face sheets while the thermal loading is applied to all the constituents of the sandwich pane assembly.
The mathematical formulation presents the governing field equations of the debonded regions along with the appropriate boundary/continuity conditions as well as the thermal stress and the displacement fields within the core, where the core mechanical properties are assumed to be either temperature independent (TI) or temperature dependent (TD). A numerical study is followed and it demonstrates the mechanical, thermal and the thermo-mechanical non-linear response characteristics including also the influence of the length of the debonded region. The paper is concluded by a brief summary and the suggestion of some recommendations.
Mathematical formulation
The overall curved sandwich panel consists of fully bonded and debonded regions. Only the field equations and the boundary/ continuity conditions of the debonded regions are presented, since the field equations and boundary/continuity conditions for the fully bonded region can be derived as a special case hereof. The field equations and the boundary/continuity conditions of the debonded regions are derived following the steps of the HSAPT approach for the debonded flat and curved sandwich panels, see Frostig (1992) , Frostig and Thomsen (2005) , and Frostig et al. (2004) , and using the variational principle of extremum of the total potential energy as follows:
where U is in the internal potential strain energy and V is the potential energy of the external loads. The internal potential energy in terms of polar coordinates of the bonded and debonded regions reads: 
where r ssj (/, r j ) and e ssj (/, r j ) (j = t, b) are the stresses and strains in the circumferential direction of the face sheets, respectively; s rs (/ , r c ) = 0 (see Frostig et al. (2004) ) are the core shear stresses, which are zero in the debonded region; r rr (/, r c ) and e rr (/, r c ) are the compressive radial normal stresses and strains, respectively, that exist only at contact areas; r and s refer to the circumferential and radial directions of the curved panel; a is the angle of the curved panel;
r j (j = t, b, c) are the radii of the centroidal lines of the face sheets and the radial coordinate of the core, respectively; r jc (j = t, b) refers to the radii of the upper and the lower face-core interface lines, respectively, where r tc = r t À d t /2 and r bc = r b + d b /2;b w and d j (j = t, b) are the width and the thicknesses of the face sheets, respectively; / mn and (m = l, r) are the left and the right angle coordinates of the bonded and debonded regions (see Fig. 1 ); g equals 1 in areas with contact and 0 in areas without contact; n bon and n deb are the number of bonded and debonded regions, respectively; and, finally, d is the variational operator. For geometry, sign conventions, coordinates, deformations and internal resultants, see Fig. 1 . Please notice that the shear stresses within the debonded regions are null since the debond crack faces are free of shear tractions; see Frostig (1992) and Frostig et al. (2004) . The variation of the potential energy of the external loads includes the external loads applied within the bonded and debonded regions as well as at the panel edges, and reads:
where n j , q j and m j (j = t, b) are the external distributed loads in the circumferential and radial directions, respectively, and the distributed bending moment applied at the face sheets; u oj and w j (j = t, b) are the circumferential and radial displacements of the face sheets, respectively; b j is the slope of the section of the face sheet; N eij , P eij and M eij (j = t, b) are the external concentrated loads in the circumferential and radial directions, respectively, and the concentrated bending moment applied at the face sheets at s = s ij ; Nc j (j = t, b) is the number of concentrated loads at the top and bottom faces, Fig. 1 . The through-thickness distribution of the face sheet displacements follow the Euler-Bernoulli assumptions with negligible transverse shear strain and kinematic relations corresponding to large displacements and small rotations, and they read (j = t, b):
where z j is the radial coordinate measured upward from the centroid of each face sheet; r j is the radius and s j = r j / is the circumferential coordinate of the face sheets that have identical radial centre; and / is the angle measured from the origin, see Fig. 1 for geometry. Hence, the strain distribution can be expressed in the form:
where the face sheet mid-plane strains and curvatures equal:
Adopting the approximation of small deformations, the kinematic relations for the core read:
where w c (/, r) and u c (/, r) are the radial and the circumferential core displacements, respectively. The compatibility conditions corresponding to a fully bonded region requires (j = t, b) fulfilment of the following conditions:
where k = 1 when j = t, and k = 0 when j = b. Moreover, r jc (j = t, b) are the radii of the upper and the lower face-core interfaces, respectively;and u c (r = r jc , /) and w c (r = r jc , /) are the core displacements in the circumferential and the radial directions at the face-core interfaces, respectively. In addition, when a debond is presentsat one of the face-core interfaces it is assumed that the other face-core interface is in full bond, which requires compatibility in the radial and circumferential directions. The field equations and the appropriate boundary conditions are derived using the variational principle, see Eq. (1); the expressions for the variation of the internal and external potential energies, see Eqs. (2) and (3); the kinematic relations of the face sheets and the core, Eqs. (5)- (7); the compatibility requirements, see Eq. (8); and the stress resultants, see also Fig. 2 . After integration by parts and some algebraic manipulations, the field equations for the bonded and debonded regions read:
Face sheets (j = t, b):
Core:
where N ssj and M ssj (j = t, b) are the in-plane stress and bending moment resultants of each face sheet, respectively; s sr (/, r = r jc ) and r rr (/, r = r jc ) (with j = t, b) are the shear and radial normal stresses at the upper ad the lower face-core interface, respectively; k = 1 for j = t and k = À1 for j = b; and g = 0 when the region has a delamination at one of its face-core interfaces (i.e. a debonded region), whereas g = 1 for a fully bonded region. Please notice that the independent variable in the face sheets is the circumferential angle / and in the core it is the radial coordinate, r c and /. It should be noticed that due to the inclusion of geometrical non-linearity in the kinematic relations for the face sheets, the equilibrium (field) equations of the face sheets corresponds to deformed face sheet configurations, while the equilibrium (field) equations of the core, which is assumed to undergo only small deformations kinematic relations, corresponds to the undeformed core configuration, see Fig. 2 . In addition, it should be noticed that within the debonded region only the second equation of the two equations for the core is used. The boundary conditions for the various regions of the curved sandwich panel, where the loads and the constraints are defined in the circumferential and radial directions of each face sheet, respectively, as wells as at / e = 0,a, read:
where k = 1 for / e = a and k = À1 for / e = 0;u eoj , w ej and Dw ej are the prescribed circumferential and radial displacements, and the rotation at the edges of the upper and the lower face sheets, respectively; N ej , P ej and M ej and are the imposed external loads; and D(f)(/ e ) denote a derivative at the prescribed coordinate / e . It should be noticed that the circumferential force condition, see the first of Eq.
(10), is actually a combined stress resultant that results from moment equilibrium about the radial centre of each face sheet. The boundary conditions of the core at / e = 0,a, and through the depth of the core at r bc 6 r c 6 r tc , for a bonded and a debonded region read:
where w ec (r) are prescribed deformations at the ends of the sandwich panel through the depth of the core. Here it is noticed that only the left term in Eq. (11)) can be applied when the region is debonded, i.e. the condition of zero shear stress is imposed in this case. This means that there is no requirement for imposing continuity with respect to the radial displacement at the junction/transition between a fully bonded and a debonded region. It is possible to specify other types of edge conditions in the core than discussed above, like e.g. edge beams, but for detail please refer to Frostig and Thomsen (2009) .
In order to determine the governing equations, see Eq. (9), the explicit description of the core stress and the displacement fields must be defined first, and this is considered in the forthcoming section.
Core displacement and stress fields
The explicit descriptions of the stress and displacement fields of the core are determined through the compatibility conditions, Eq. (8), applied on the following constitutive relations of radial normal and shear strains, see Eq. (7), for an isotropic core:
where E rc and G src are the Young's and shear modulii of the core in the radial direction; a Tc and T c (/, r c ) are the coefficient of thermal expansion (CTE) of the core and the thermal field within the core, respectively. The stress fields within the core are derived through the solution of the core field equations, see Eq. (9), that read:
where C w1 (/) is a coefficient of integration to be determined through the compatibility conditions at the face-core interfaces, see Eq. (8); s j (/), and r rrj (/) (j = t, b) are the interfacial shear and radial normal stresses at the upper and the low face-core interfaces, respectively and s t (/) is the interfacial shear stress at the upper face-core interface and is also the generalized coordinate of the core for the bonded region.
The displacements fields of the core in the radial and circumferential directions are determined using the constitutive relations, Eq. (12), and the compatibility conditions, see Eq. (8). For the case of a bonded region only the upper face-core interface and the radial compatibility conditions at the lower interface must be considered, while for the debonded region only the two compatibility conditions in the radial direction and the compatibility condition in the circumferential direction at the bonded face-core interface should be used. The explicit description of the stress and displacements fields for the bonded regions appears in Frostig and Thomsen (2009) . The stress and displacement fields for the debonded region, assuming that the core properties are Temperature Independent (TI), read:
Radial normal stresses:
Displacement fields:
where r rrj (j = t, b) are the interfacial radial normal stresses at the upper and the lower face-core interfaces, respectively; C w2 (/) and C u (/) are the coefficients of integration to be determined through the compatibility conditions at the face-core interfaces, see Eq. (8).
Please notice that within areas without contact the radial normal stresses are nill, thus implying that the radial and circumferential displacements within the core should be defined by the compatibility conditions corresponding to full bonding at the bonded interface. For the case without contact the core stress and displacements fields for both TI and TD core properties read:
where C w1 (/) and C u (/) are coefficients of integration that are determined using the compatibility conditions at the bonded facecore interface, see Eq. (8).
The core displacement fields of a debonded region with full contact and Temperature Dependent (TD) mechanical properties, and using the radial stress fields from Eq. (13), read:
where E rc ð/; r c Þ ¼ E rc ðr c ÞHðÀr rrt ð/ÞÞ
and where E rc (r c ) is the radial modulus of elasticity of the core that depends on the temperature distribution through the depth of the core and H is an Heaviside (step) function. It should be noticed that the radial normal stresses at the upper and the lower face-core interfaces are defined by inserting the appropriate radii for r c , see Fig. 1 . In addition, a closed-form description of the displacements fields is possible when the inverse of the modulus of elasticity can be described by a polynomial as follows:
where N e is the number of terms in the polynomial description. Hence, the core displacement fields when the temperature distribution within the core is linear read:
Generally, in a fully bonded region the field equations consist of four equilibrium equations for the face sheets, see Eq. (9), and a fifth equation that is equal to the last compatibility condition at one of the face-core interfaces that corresponds to the five generalized coordinates, four displacements of the face sheets, u ot , w t , u ob , w b and the fifth the interfacial shear stress at the upper face-core interface, s t (/), for details see Frostig and Thomsen (2009) . However, for the case of a debonded region with contact the system of field equations consist of only four equilibrium equations that corresponds to the four displacements of the face sheets, while the fifth equation is identically satisfied zero since only three compatibility conditions are required, i.e., the compatibility of the radial displacements at upper and lower face-core interfaces,respectively, and a compatibility condition in the circumferential direction at the bonded interface.
Governing equations
For simplicity, it is assumed that the face sheets are homogeneous, isotropic and linear elastic, the temperature distribution through the depth of the face sheets and the core is linear and through the use of the following constitutive (load-displacement relations (j = t, b):
The complete set of governing equations for a debonded region with contact and uniform temperature distribution in face sheets can be expressed as a set of coupled first order ordinary differential equations as follows:
where H is a Heaviside (step) function and the generalized coordinate used here, with first-order ODES, are: u oj , w j , dw j , N ssj , M ssj and V srj (j = t, b) where the first three corresponds to the circumferential, radial displacements and the slope of the radial displacement, and the last three correspond to the stress resultant in the circumferential direction, the bending moment resultants and the radial shear resultants of the upper and the lower face sheets respectively. Here it should be noticed that the number of governing equations is only 12, whereas the number of equations is 14 for the case of a fully boned region, see Frostig and Thomsen (2009) . Thus the continuity conditions at the bonded/debonded edge of a bonded region requires a null shear stress of the core s t (/) region and full continuity with all other generalized coordinate mentioned above. Notice also that the governing equations for the case of a debonded region without contact are the same as those for the case of contact but with r rrt (/) = 0 and H(À0.) = 0.
Comments (debonded region):
1. For the case of contact the four governing equations are coupled, while for the case without contact the two governing equations for each face sheet are not coupled with those of the other face sheet, and the only interaction between the face sheets is a result of the continuity conditions imposed at the tips of the debonded region. 2. The continuity conditions within a debonded region for areas with contact and without contact are the same and in terms of the generalized coordinate of the face sheets only. 3. Closed-form solutions for the core stress and displacements fields exist when the inverse of the modulus of elasticity of the core is described by a polynomial. 4. The radial normal stresses are non-uniform through the thickness of the core when contact exists.
The response of a debonded sandwich panel is actually a combination of the response of the bonded regions interconnected, through equilibrium and continuity conditions, with debonded regions that consist of areas with and without contact. The exact location of the areas of contact are determined through the nonlinear solution of the governing equations of the debonded region, see Eq. (21). The area with contact is defined by its compressive radial normal stresses, see Eq. (14) . Otherwise the area is considered as without contact.
The numerical solution of the non-linear governing set of differential equations can be achieved using numerical schemes such as the multiple-point shooting method, see Stoer and Bulirsch (1980) , or the finite-difference (FD) approach using trapezoid or mid-point methods with Richardson extrapolation or deferred corrections, see Ascher and Petzold (1998) , as implemented in Maple, see Char et al. (1991) , along with parametric or arc-length continuation methods, see Keller (1992) . Here, the FD approach implemented in Maple has been used successfully without any numerical instabilities even when the core rigidity has degraded significantly. c.g.c Properties:
Core: E c =56.7 MPa, α c =0. Fig. 3 . Geometry, dimensions, mechanical properties, temperature distribution and debonding regions of the investigated debonded curved sandwich panel.
Numerical study
The numerical study presents and discusses the thermomechanical non-linear response of a delaminated sandwich panel when subjected to concentrated (point loading), see Fig. 3 (2003) . The geometry of the curved sandwich panel corresponds to the experimental setup described by Bozhevolnaya and Frostig (1997) , and Bozhevolnaya (1998), see Fig. 3 for details. The delamination is assumed to be located at the upper face-core interface and is symmetric with respect to mid-span. The supporting system prevents circumferential displacements, in addition to the enforcement of constraints corresponding to simple supports (ss1) or a clamping condition (cl1). The mechanical response of a debonded curved sandwich panel subjected to a concentrated load at mid-span of the lower face sheet, and without inclusion of thermal effects is studied first. This is followed by an investigation of the thermal response without mechanical loading, after which the introduction of the combined thermo-mechanical load response is given. Finally, the effects of including thermal degradation of the core properties on the thermo-mechanical responses are studied. The analyses assume geometric symmetry whenever possible. 
. Mechanical loading only
The mechanical response of a curved sandwich panel subjected to a concentrated load applied at mid-span of the lower face sheet appears in Figs. 4-7 . The results include the deformed shape and the variation of various structural quantities plotted along the panel half span for various lengths of the debonded region. In addition, the strain energy release rate (ERR), which is defined as G ¼
@ @a
Uð/; r c ; aÞ, where a is the length of the debonded region and U is internal energy, and the interfacial shear and radial normal stresses at the debonded region tips are presented. The ERR values are determined numerically using the finite differences approach. The analysis used here assumes small deformations with no contact. For the considered case, the actual response involves no contact between the crack surfaces in the debonded region, due to loading setup and the location of the debond crack at the upper face-core interface.
The deformed shapes of a simply-supported debonded panel appear in Fig. 4 for various lengths of the debonding regions. The overall deformed shape appears in Fig. 4a , with zoomed in results shown in Fig. 4b . The results reveal no contact within the debonded region and that the deformations increase as the length of the debonded region increases. In addition, it should be notices that there is a discontinuity in the radial displacement at the tips of the debonded crack which is a result of the computational model used, see Eq. (11). In reality, continuity of the displacements should be imposed at the crack tips, but it may involve very steep displacement gradients closed by. To validate that very large gradients are actually present, a similar computational model is used to determine the response of a delaminated curved sandwich panel where the debond crack is located near the lower fibre of the upper face sheet but within the face sheet, see Fig. 5a . The computational model for this case, which is omitted herein for brevity, imposes continuity conditions for the displacements in the radial and circumferential directions, respectively. The results of this model reveal a deformed shape that is very similar to that obtained for a sandwich panel with a debond crack at the upper face-core interface as shown in Fig. 4 , but here the displacements are continuous and with very large gradients at the crack tips, see Fig. 5b and c. Fig. 6a-d describes the variation of the radial displacements, the face sheet bending moment resultants, the face-core interface shear stresses, and finally the face-core interface radial normal stresses along half the sandwich panel circumference. The radial displacement pattern appears in Fig. 6a , and it is seen that the radial displacements become very large as the length of the debonded region is increased. The bending moment resultants in the face sheets, see Fig. 6b , display very large values at the edges of the delaminated region at the lower face sheet. It is due to the concentrated load, which is applied at mid-span of the lower face sheet, and is transferred into the fully bonded regions through bending of the lower face sheet within the debonded region. The interfacial shear stresses at the upper and the lower interfaces appear in Fig. 6c , and it is observed that very large shear stress values are predicted at the crack tip, whereas the interface shear stresses are zero within the debonded region. Fig. 6d displays the normal interfacial radial stresses with extreme values appearing at the crack tips, whereas they are zero within the debonded region.
The calculated ERR (G) values and the extreme values of the interfacial shear and radial normal stresses appear in Fig. 7 for various lengths of the debonded region. The ERR curve, see Fig. 7a , reveals that at a certain length a maximum value is observed. Similar M ss [kNmm] N ss [kN] Fig. 9 , are associated with non-convex behaviour that increases significantly as the crack/debond length increases. Notice that the curves for the ERR and lower interface radial normal stresses are quite similar, and that the predicted values are roughly an order of magnitude larger than predicted by the linear analysis, see Fig. 7 .
The non-linear responses of a delaminated curved sandwich panel with a prescribed debond length and varying load appears in Figs. 10-12. The load has been applied through a radial displacement control of the lower face sheet at mid-span. The deformed shapes for various load levels, and with a debond length of 0.1a, appear in Fig. 10 from which is seen that the deformations increase with increasing load. Fig. 11a to f describe the variation of some structural quantities along half of the sandwich panel circumference with a debonded region of 0.1a. Fig. 11a reveals that the radial displacements increase with increasing load. Moreover, it is seen that the displacements of the upper face sheet are smaller than the displacements of the lower face sheet,. The bending moment resultants, see Fig. 11b , display large values in the vicinity of the crack tips. The distributions of the circumferential face stress normal stress resultants, see Fig. 11c , reveal that at lower loads the reaction at the left support is in compression, but it changes to tension as the external load increases. It should be noticed that the stress resultants remain constants within the debonding region due to the absence of interfacial shear stresses. The circumferential displacements of the face sheets that appear in Fig. 11d are increasing in tandem with the loads. The interfacial shear (Fig. 7e) and radial normal stresses (Fig. 7f) reveal similar trends. Notice that they are extremely large at crack tips and null within the debonded region and they increase as the load increases. Fig. 12 shows the equilibrium curves of load versus various extreme values of different load response quantities for debond lengths 0.1a and 0.3a, respectively. In all cases the response corresponds to that of an unstable structure with snap-through behaviour. The limit-point load becomes larger as the length of the debond crack decreases since the curved sandwich panel is stiffer when the debond crack length is smaller. The load versus radial displacement curves, see Fig. 12a , reveal that the limit point load is about 1.5 kN for a debond crack length of 0.1a, and it drops to about 0.3 kN for a length of 0.3a. The equilibrium curves for the bending moment resultant, see Fig. 12b , the circumferential displacements, see Fig. 12d , and the interfacial stresses, see Fig. 12e and f, display similar trends, but the actual curve patterns are somewhat more complex. The equilibrium curves for the circumferential normal stress resultants, see Fig. 12c , reveal a particularly complex response pattern.
Thermal loading only
The response of a debonded curved sandwich panel subjected to a uniform temperature distribution and with a core assumed to have temperature independent mechanical properties (TI) appears in Fig. 13 . For this case the response is linear throughout the investigated range of temperatures from À200 to +200°C. The deformed shapes corresponding to cooling from +20 to À200°C, and heating from +20 to 200°C, consist of almost a uniform inward and outward radial displacements around mid-span despite of the presence of a debonded zone in this region. It should be noticed that local bending occurs in the vicinity of the supports due to the imposed constraints that prevent the edges of the face sheets to move in the radial direction.
Thermo-mechanical loading
The thermo-mechanical response of a simply supported (ss1 condition) curved sandwich panel subjected to a concentrated load applied at mid-span of lower face sheet, debond crack lengths of 0.1a and 0.3a, respectively, and with a temperature distribution that is uniform along the panel circumference, and with a gradient of 40°C between the upper and the lower face sheets, appears in Figs. 14-16. The concentrated load is specified to 1.32 kN which corresponds to about 90% of the limit-point load when no thermal loading is applied, see Fig. 12 . It is further assumed in this example that the mechanical properties of the core are unaffected by the temperature changes. The non-linear response is determined for varying temperatures of the upper face sheet.
For this case a non-linear thermo-mechanical response is detected only when cooling is applied (decreasing temperatures), i.e. the response remains linear when the temperature is increased. The deformed shapes for different lowered temperatures appear in Fig. 14 , from which it is seen that the deformations increase with decreasing temperature values. Fig. 15a , are associated with a deepening indentation in the lower face sheet, as the temperature level drops and the limit point temperature is reached, and an opposite indentation occurs at the upper debonded face sheet. This difference in the displacement between the two face sheets increases as the temperature is lowered. Significant bending moment resultants in the face sheets are observed in the vicinity of the external load and at the crack tips, see Fig. 15b . The values increase as the temperature is lowered and approaches the limit point temperature level. The interfacial shear stresses display high peak values at crack tips and zero values within the debonded region, see Fig. 15c . The radial interfacial stresses at the top and bottom face-core interfaces display extremely large tensile peak values at the crack tips, see Fig. 15d . It should be noticed that the stresses at the supports are quite small compared with the values encountered at the debond crack tips. Fig. 16 shows the equilibrium curves of temperature versus various extreme values of different load response quantities for debond lengths of 0.1a and 0.3a, respectively. Fig. 16a describes the applied temperature versus the extreme values of the radial face sheet displacements, and it is seen that a limit point occurs at about À160°C for the smaller delamination, where the solution stopped to converge, and that a slightly non-linear response is seen for the larger debond (0.3a). Similar trends are observed for the bending moment resultants, see Fig. 16b , the interfacial shear stresses, see Fig. 16c , and finally the radial normal stresses, see Fig. 16d .
The thermo-mechanical response at a temperature level of À80°C, a thermal gradient of 40°C between the top and bottom face sheets, and a concentrated load of 0.5 kN applied at mid-span of the lower face sheet is shown in Figs. 17 and 18 for debond crack lengths of 0.15a and 0.22a, respectively. The deformed shapes obtained for the 2 different debond crack lengths appear in Fig. 17 . Results are presented up to a debond length of 0.22a only due to numerical difficulties. For the larger debond crack the upper face sheet moves upward significantly. The ERR values and the interfacial stresses at the crack tips appear in Fig. 18 . The ERR (Fig. 18a) and maximum radial stress (Fig. 18c) values display non-convex 
Legend: curve patterns that increase with increasing length of the debond crack. The interfacial shear stresses, see Fig. 18b , are almost unaffected by the debond length. It should be noticed that these results resemble the results obtained for the purely mechanical load case, see Fig. 9 . Hence, it can be concluded that the effects of temperature loading on the characteristic quantities of the debond region are insignificant for cooling temperatures that are above the limit point temperature level.
Temperature dependent mechanical properties

Thermo-mechanical loading
The thermo-mechanical response of a debonded sandwich panel, where it is assumed that the mechanical properties of the core properties are temperature dependent (TD), is presented in Figs. 19 and 20 for a debond crack length of 0.1a. The loading scheme from the previous example is adopted again, i.e. a concentrated load of 1.3 kN (about 90% of the limit point due to purely mechanical loading) is applied at mid-span, and the temperature distribution is assumed to be uniform through both the length and the depth of the sandwich panel.
The temperature-dependent (TD) core properties are specified according to the Divinycell HD grade PVC foam core data sheet of DIAB, (DIAB Divinycell, 2003) , which includes measured material properties in a working range of temperatures between 20 and 80°C. The temperature-dependent (TD) core material properties are defined through curve-fitting of the data that appears in the core material data sheet as follows, (DIAB Divinycell, 2003) : 
where E co and G co refer to the elasticity and shear moduli of the core at T = 20°C. It should be noticed that if a thermal gradient is applied to the sandwich panel the mechanical properties of the core will also vary with the radial coordinate, see Fig. 19 . The deformed shape of the debonded curved sandwich panel is shown in Fig. 19 along with the variation of E c and G c with temperature. From Fig. 19 it is observed that both an indentation and a bulge at the upper face sheet occur, and that both of these tend to increase in amplitude with increasing temperature. It should be recognised that a pure thermal loading causes displacements in the upward direction, see Fig. 13 , whereas the combined thermo-mechanical response yields large indentations at the lower face sheet as a result of the degradation of the core properties. Fig. 20 shows the equilibrium curves of temperature versus various extreme values of different load response quantities for three different mechanical load values that are all below the limit point load level for pure mechanical loading, see Fig. 12 , In all cases, a limit point behaviour is predicted, although with some numerical difficulties. The temperature versus the extreme radial displacement equilibrium curves appear in Fig. 20a . It shows that the temperature limit point level occurs at about 45°C for a load level of P = 0.9 kN, while the temperature limit temperature is about 43°C for a load of P = 1.1 kN, and finally for a mechanical load 1.3 kN the critical temperature drops to around 35°C. For all levels of mechanical loading the temperature limit point level is associated with a zero slope. The bending moment resultant equilibrium curves, see Fig. 20b , follow similar trends, but here the slope is not zero at the limit point temperature levels. Similar trends are observed for the interfacial shear stresses at the upper face-core interface, and the interfacial radial normal stresses, see Fig. 20c and d, respectively.
Summary and conclusions
The geometrically non-linear behaviour of a debonded curved sandwich panels subjected to thermal and mechanical loading with and without temperature dependent material properties is presented. The debond is assumed to exist at one of the face-core interfaces, and it is further assumed that the crack surfaces are free of shear tractions but can accommodate for the transfer of compressive contact stresses. The mathematical formulation presents the governing field equations along with the appropriate boundary and continuity conditions of debonded regions with and without contact. The mathematical formulation is based on a variational approach that follows the high-order sandwich panel theory (HSAPT) computational model. Thermal straining of the core along with the effects of radial (through thickness) core flexibility within the fully bonded and debonded regions is considered. The core stress and the displacement fields within the debonded region are determined explicitly, with and without contact, and for the case of a core with temperature independent (TI) or temperature dependent (TD) mechanical properties. An explicit description of the non-linear governing equations of the debonded region is presented for the TI case. The stress and the displacements fields of the debonded core regions, with and without contact, in the case of Temperature Dependent (TD) properties are determined by a closed-form solution using a polynomial description for the distribution of the mechanical properties through the thickness of the core. The non-linear response is determined through the solution of the non-linear governing equations of the various regions along with the appropriate boundary and continuity conditions using a finite-differences scheme along with a natural parametric continuation and a pseudo arc-length procedure.
The numerical study investigates the non-linear response of delaminated curved sandwich panels subjected to mechanical concentrated loads, thermally induced deformations and simultaneous thermal and mechanical loads. The imposed mechanical loads are below the limit point load level of the mechanical response, and the imposed temperature field is varied in the modelling. The modelling results are displayed in terms of plots of various structural quantities along the sandwich panel length (circumference), equilibrium curves and strain energy release rate curves. It is shown that the thermo-mechanical response shifts the linear or non-linear responses, observed for the separate cases of either temperature induced deformations or mechanical loading, into a strongly non-linear response with limit point behaviour and associated stability problems.
The proposed computational models based on the HSAPT approach enhance the physical insight of the thermo-mechanical response of debonded curved sandwich panels. Thus, the numerical study has revealed the general occurrence of limit-point behaviour due to both purely mechanical and combined thermal and mechanical loads, whereas the response due to purely thermal loading remains linear. The degradation of the core properties with increasing temperature yields limit-point behaviours that are unstable at quite low temperatures, and well within the working range of temperatures for Divinycell HD grade PVC foam core materials. Hence, the existence of debonds/delaminations together with thermally induced deformations and mechanical loading in curved sandwich panels is a combination that should be avoided. Accordingly, it is suggested that precaution measures should be taken to detect such imperfections to ensure the structural integrity, and there by enable the safe operation of curved sandwich panels exposed to combined thermal and mechanical loadings.
